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Wklv yhuvlrq= Mdqxdu| 5334
Devwudfw
Lq wklv sdshu/ zh dqdo|vh wkh qrq sdudphwulf lghqwlfdwlrq ri g|qdplf glvfuhwh fkrlfh
prghov xvlqj vkruw0sdqho gdwd1 Rxu lghqwlfdwlrq phwkrgrorj| lv edvhg rq wkh lghdv
h{soruhg lq wkh vhplqdo sdshu ri Krw} dqg Ploohu +4<<6, wkdw Ehoopdq htxdwlrqv fdq eh
lqwhusuhwhg dv prphqw frqglwlrqv1 Zh ghulyh wkh h{dfw ghjuhh ri xqghulghqwlfdwlrq ri
wkhvh prghov erwk lq wkh fdvh zkhuh udqgrp vkrfnv rq suhihuhqfhv duh lqghshqghqw ryhu
wlph dqg lq d fdvh zlwk fruuhodwhg {hg hhfwv1 Zh lqyhvwljdwh wkh qhfhvvlw| dqg srzhu
ri ydulrxv lghqwli|lqj uhvwulfwlrqv1
Nh|zrugv= G|qdplf glvfuhwh fkrlfh surfhvvhv/ lghqwlfdwlrq1
MHO fodvvlfdwlrq= F58/ G<4/ F47
Fruuhvsrqglqj dxwkru= Wklhuu| Pdjqdf/ LQUD0OHD/ 7;/ Erxohydug Mrxugdq/ :8347 Sdulv/
Iudqfh1 Hpdlo= Wklhuu|1PdjqdfChqv1iu
41 Lqwurgxfwlrq4
Ryhu wkh odvw ghfdgh/ wkh qxpehu ri hfrqrphwulf dssolfdwlrqv xvlqj vwuxfwxudo
prghov ri g|qdplf glvfuhwh fkrlfh kdv ehhq jurzlqj txlfno|1 Wkhvh prghov doorz
hfrqrplvwv wr vlpxodwh wkh frqvhtxhqfhv ri hfrqrplf srolflhv dhfwlqj hgxfdwlrq/
oderu pdunhw wudqvlwlrqv/ uhwluhphqw ghflvlrqv ru ihuwlolw| fkrlfhv +vhh iru h{dpsoh
Nhdqh dqg Zroslq/ 4<<9/ Hfnvwhlq dqg Zroslq/ 4<;<,1 Olwwoh lv nqrzq krzhyhu
derxw wkh lghqwlfdwlrq ri wkhvh prghov h{fhsw wkdw wkh| duh jhqhulfdoo| qrw lghq0
wlhg +Uxvw/ 4<<7,1
Lq wklv sdshu/ zh dqdo|vh wkh qrq sdudphwulf lghqwlfdwlrq ri g|qdplf glvfuhwh
fkrlfh prghov1 Rxu phwkrgrorj| lv edvhg rq wkh lqvljkw ri Krw} dqg Ploohu +4<<6,
wkdw Ehoopdq htxdwlrqv fdq eh lqwhusuhwhg dv prphqw frqglwlrqv1 Zh frqvlghu
fdvhv zlwk dqg zlwkrxw xqrevhuyhg khwhurjhqhlw|1 Qrw rqo| gr zh vkrz wkdw wkhvh
prghov duh qrw lghqwlhg +Uxvw/ 4<<7,/ zh duh dovr deoh wr ghwhuplqh wkhlu h{dfw
ghjuhh ri xqghulghqwlfdwlrq1 Zh ehjlq zlwk wkh fdvh zlwkrxw fruuhodwhg xqre0
vhuyhg khwhurjhqhlw|1 Xvlqj Ehoopdq htxdwlrqv dv prphqw frqglwlrqv/ zh vkrz
wkdw xwlolw| ixqfwlrqv lq hdfk dowhuqdwlyh fdqqrw eh +qrq sdudphwulfdoo|, lghqwlhg
dv orqj dv wkh iroorzlqj vwuxfwxudo sdudphwhuv duh qrw vhw= wkh glvwulexwlrq ixqf0
wlrq ri xqrevhuyhg suhihuhqfh vkrfnv/ wkh glvfrxqw udwh dqg wkh fxuuhqw dqg ixwxuh
suhihuhqfhv lq rqh +uhihuhqfh, dowhuqdwlyh1 Zh dovr lqyhvwljdwh krz h{foxvlrq ru
sdudphwulf uhvwulfwlrqv fdq surylgh lghqwli|lqj uhvwulfwlrqv1 Dv wkh lghqwlfdwlrq
surri lv frqvwuxfwlyh/ d vlpsoh phwkrg ri prphqw hvwlpdwru fdq eh ghulyhg dqg
ryhulghqwli|lqj uhvwulfwlrqv fdq eh whvwhg1 Surylghg wkdw rqh lv zloolqj wr pdnh
vwurqjhu lghqwli|lqj dvvxpswlrqv/ g|qdplf glvfuhwh fkrlfh prghoolqj lv wkxv olwwoh
glhuhqw iurp wkh frqwlqxrxv fdvh1 Ehoopdq htxdwlrqv fdq eh xvhg wr uhfryhu ghhs
vwuxfwxudo sdudphwhuv dv Hxohu htxdwlrqv duh1 Zh frqwlqxh e| h{sorulqj d fdvh
zkhuh wkh xqrevhuyhg frpsrqhqw ri suhihuhqfhv lv fruuhodwhg ryhu wlph1 Hyhq li wkh
ixqfwlrqdo ghjuhh ri xqghulghqwlfdwlrq ri wklv prgho lv odujhu/ zh suhvhqw uhdvrq0
4Zh zrxog olnh wr dfnqrzohgjh khosixo frpphqwv e| wkuhh dqrq|prxv uhihuhhv/ khosixo glvfxv0
vlrqv zlwk J1 ydq ghq Ehuj/ M1P1 Gxirxu/ D1 Nlupdq/ I1 Nudpdu}/ Y1 Sdwlohd dqg sduwlflsdqwv
lq vhplqduv dw FUHVW/ Xqlyhuvlw| Froohjh/ OVH/ Orxydlq0od0Qhxyh/ Prqwuhdo/ Pdgulg/ Wrxorxvh/
Fhuj|0Srqwrlvh/ Ruoìdqv/ Pduvhlooh dqg lq frqihuhqfhv/ HVHP/ Ehuolq/ MDH/ Urwwhugdp/ VHG/
Dojkhur dqg HVUF/ Eulvwro1 Wkh xvxdo glvfodlphu dssolhv1
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deoh lghqwli|lqj dvvxpswlrqv wkdw ohdg wr wkh vdph lghqwlfdwlrq uhvxowv dv zlwkrxw
xqrevhuyhg khwhurjhqhlw|1 Wkh vdph phwkrgrorj| xvlqj prphqw frqglwlrqv lv ds0
solhg1
Wklv sdshu h{sdqgv xsrq wkh zrun lq Uxvw +4<<7,/ zkhuh wkh jhqhulf qrq lghq0
wlfdwlrq uhvxow lv vwdwhg1 Zh xvh d voljkwo| glhuhqw prgho1 Lq rxu fdvh/ djhqwv*
suhihuhqfhv kdyh xqrevhuydeoh dqg srvvleo| shuvlvwhqw frpsrqhqwv1 Wkh frqvwuxf0
wlyh dvshfw ri rxu surri doorzv xv wr lqwhusuhw Uxvw*v xqghulghqwlfdwlrq uhvxow dqg
wr sursrvh lghqwli|lqj uhvwulfwlrqv1 Rq wkh whfkqlfdo vlgh/ wkh lqvljkwv iru rxu lghq0
wlfdwlrq vwudwhj| duh eruurzhg iurp wkh zrunv ri Krw} dqg Ploohu +4<<6,/ Krw}
hw do1 +4<<7, dqg Dowxj dqg Ploohu +4<<;,1 Zh h{suhvv Ehoopdq htxdwlrqv dv pr0
phqw frqglwlrqv lq d glhuhqw zd| wkdq wkh| gr1 Wklv doorzv xv wr glvshqvh zlwk
wkh h{lvwhqfh ri dq devruelqj vwdwh ru vlpxodwlrq surfhgxuhv/ dqg wr lqyhvwljdwh
lghqwlfdwlrq/ dq lvvxh qrw suhylrxvo| dgguhvvhg e| wkhvh dxwkruv1 Ixuwkhupruh/
fruuhodwhg xqrevhuyhg khwhurjhqhlw| lv rqo| frqvlghuhg lq vrph dssolfdwlrqv xvlqj
pd{lpxp olnholkrrg phwkrgv dqg edfnzdug lqgxfwlrq +Nhdqh dqg Zroslq/ 4<<9/
Hfnvwhlq dqg Zroslq/ 4<<<,1 Wkhvh surfhgxuhv duh frpsxwhu lqwhqvlyh dqg wkhlu
ghjuhh ri frpsoh{lw| lv odujh +Uxvw/ 4<<9,1 Wkh zd| wkhvh prghov duh lghqwlhg
lv qrw fohdu ehfdxvh lw lv pruh gl!fxow wr glvfxvv lghqwlfdwlrq lq d pd{lpxp
olnholkrrg iudphzrun1 Rxu sdshu dovr ehduv vrph uhvhpeodqfh wr Fdphurq dqg
Khfnpdq +4<<;,/ zkr ghyhors lghqwlfdwlrq uhvxowv lq d g|qdplf vhwwlqj zlwk fru0
uhodwhg dgglwlyh {hg hhfwv1 Lq wkhlu iudphzrun krzhyhu/ djhqwv duh dvvxphg wr
eh p|rslf dqg vhplsdudphwulf suhihuhqfhv duh dvvxphg1
Vhfwlrq 5 hvwdeolvkhv wkh wkhruhwlfdo prgho zlwkrxw fruuhodwhg lqglylgxdo hhfwv1
Vhfwlrq 6 surylghv wkh pdlq sursrvlwlrq derxw lghqwlfdwlrq dqg surylghv hvwlpdeoh
prphqw frqglwlrqv1 Lq vhfwlrq 7/ wkh lghqwli|lqj srzhu ri ydulrxv uhvwulfwlrqv lv
dqdo|}hg1 Vhfwlrq 8 surylghv wkh h{whqvlrq wr d fdvh zkhuh lqglylgxdo hhfwv duh
fruuhodwhg1 Vhfwlrq 9 frqfoxghv wkh sdshu1
51 Wkh wkhruhwlfdo vhw0xs
Wklv vhfwlrq suhvhqwv wkh jhqhudo fodvv ri g|qdplf glvfuhwh ghflvlrq prghov wkdw zh
irfxv rq lq wklv sdshu1 Zh uvw ghqh qrwdwlrqv/ vwdwh dvvxpswlrqv rq suhihuhqfhv
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dqg h{shfwdwlrqv dqg ghulyh Ehoopdq htxdwlrqv wkdw duh wkh vwuxfwxudo uhvwulfwlrqv
lq d g|qdplf dqg vwrfkdvwlf iudphzrun1 Vhfrqg/ zh ghqh lghqwlfdwlrq1
5141 Wkh vwuxfwxudo prgho1
Frqvlghu d ghflvlrq pdnhu zkrvh lqwhuwhpsrudo xwlolw| lv dgglwlyho| wlph vhsdudeoh
dqg zkrvh lqvwdqwdqhrxv suhihuhqfhv duh ghqhg ryhu d glvfuhwh vhw ri dowhuqdwlyhv
 5 U ’ ic cgj1 Zlwklq0shulrg xwlolw| ixqfwlrqv duh qrw uhvwulfwhg/ hyhq e|
jhqhudo frqvwudlqwv vxfk dv prqrwrqlflw| ru frqfdylw| uhvwulfwlrqv +Pdw}nlq/ 4<<7,1
Vwdwh yduldeohv wkdw wkh ghflvlrq pdnhu frqvlghuv duh ghqrwhg 1 Vrph ri wkhp/
fdoohg %/ fdq eh revhuyhg e| wkh hfrqrphwulfldq51 Rwkhuv duh udqgrp suhihuhqfh
vkrfnv 0 ’ E0c c 0g lq hdfk dowhuqdwlyh 1 Ohw  ’ E%c 01 Zlwklq d shulrg/ wkh
vhtxhqfh ri hyhqwv lv wkh iroorzlqj1 Dw wkh ehjlqqlqj ri wkh shulrg/ erwk % dqg 0
duh uhyhdohg wr wkh djhqw zkr wkhq fkrrvhv dq dowhuqdwlyh _ ’ / dqg jhwv wkh xwlolw|
ydoxh E%c 01 Qh{w shulrg vwdwh yduldeohv  ’ E%c 0 duh wkhq gudzq frqglwlrqdo
rq  ’ E%c 0 dqg wkh revhuyhg ghflvlrq/ _ ’ 1 Lq rwkhu zrugv/  lv dvvxphg wr
iroorz d Pdunry surfhvv ri rughu rqh16 Zh dovr uhvwulfw wkh zd| suhihuhqfhv/ c
ghshqg rq 0=
Dvvxpswlrq DV +Dgglwlyh Vhsdudelolw|, Lqvwdqwdqhrxv xwlolw| ixqfwlrqv duh jlyhq
e|=
; 5 U( E%c 0 ’ W E% n 0
zkhuh=
l1 0 ’ E0c c 0g duh phdq0lqghshqghqw ri %=
.E0 m % ’ f
ll1 Lwv fxpxodwlyh glvwulexwlrq ixqfwlrq/ ghqrwhg C/ lv devroxwho| frqwlqxrxv zlwk
uhvshfw wr wkh Ohehvjxh phdvxuh lq Ug1
5Wlph lv dvvxphg wr eh rqh ri wkhvh revhuyhg vwdwh yduldeohv lq rughu wr vlpsoli| wkh suhvhq0
wdwlrq1
6Wkh rqo| orvv ri jhqhudolw| frxog eh wkdw udqgrp vkrfnv duh Pdunry ri kljkhu rughu1 Vhh
ehorz dvvxpswlrq +FL, wr uxoh rxw wklv fdvh1
6
Dorqj zlwk dvvxpswlrq FL vwdwhg ehorz/ dvvxpswlrq DV+l, hqvxuhv wkdw
.EE%ch0m% ’ E%c 0 0
fdq eh lqwhusuhwhg dv d vwuxfwxudo sdudphwhu/ wkdw lv wr vd|/ dv wkh sduw ri wkh
xwlolw| ixqfwlrq wkdw ghshqgv rq wkh revhuydeoh vwdwh yduldeohv1 Dv iru DV+ll,/
vrph dxwkruv +Krw} dqg Ploohu/ 4<<6/ iru lqvwdqfh, frqvlghu wkdw wkh glvwulexwlrq
ixqfwlrq C ghshqgv rq %1 Wklv lpsolhv/ iru h{dpsoh/ wkdw wkh yduldqfh ri udqgrp
suhihuhqfhv ghshqgv rq %1 Lq rughu wr uhgxfh h{srvlwru| qrlvh dv pxfk dv srvvleoh/
zh rplw wklv ghshqghqfh ehfdxvh rxu uhvxowv duh dhfwhg e| wklv dvvxpswlrq lq
dq reylrxv zd| wkdw zh zloo eulh | glvfxvv1 Ilqdoo|/ devroxwh frqwlqxlw| ri C pxvw
krog li zh zdqw wkh hfrqrplf prgho wr kdyh d xqltxh rswlpdo vroxwlrq iru doo 0
+h{fhsw lq d vhw ri Ohehvjxh0phdvxuh }hur,1 Wklv uhvxow kdv ehhq hvwdeolvkhg lq wkh
vwdwlf glvfuhwh fdvh e| Nrqlqj dqg Ulgghu +4<<9,17
Qh{w/ zh qhhg wr pdnh dvvxpswlrqv rq krz djhqwv* eholhiv +qrwhg >, duh uh0
odwhg wr uhdo olih wudqvlwlrq suredelolwlhv ri  ’ E%c 01 Wr irfxv rq wkh lghqwli|lqj
srzhu ri lqwhuwhpsrudo rswlpl}dwlrq/ zh dvvxph wkdw h{shfwdwlrqv duh shuihfw +vhh
Exfklqvn| dqg Ohvolh +4<<:, iru wkh lpsolfdwlrqv ri dowhuqdwlyh h{shfwdwlrq irupd0
wlrq surfhvvhv,=
Dvvxpswlrq SH Djhqwv kdyh shuihfw h{shfwdwlrqv rq wkh odz ri prwlrq iurp
 ’ E%ch0 dqg _ ’  wr  ’ E%ch01 Wkdw lv/ iru doo c _ ’ c =
>Emc _ ’  ’ hEmc _ ’ 
Dv wlph lv lqfoxghg lq wkh revhuydeoh vwdwh yduldeoh %/ SH lpsolflwo| phdqv
wkdw pdfur vkrfnv duh nqrzq h{ dqwh e| djhqwv1 Lw lv txlwh d vwurqj dvvxpswlrq
wkrxjk qrw vxusulvlqj1 Lq wkh Hxohu htxdwlrq iudphzrun/ lw lv lqghhg wkh edvlv ri
wkh Fkdpehuodlq +4<;7, fulwltxh1 Furvv0vhfwlrq lghqwli|lqj uhvwulfwlrqv jlyhq e|
Hxohu htxdwlrqv duh ydolg rqo| li pdfur vkrfnv dqg wkh zd| djhqwv shufhlyh wkhp
duh uhvwulfwhg1 Dv zh duh orrnlqj iru frqglwlrqv iru furvv0vhfwlrq lghqwlfdwlrq lq
Glvfuhwh Ghflvrq Surfhvv +GGS, prghov/ lw lv qdwxudo wr ehjlq zlwk wkh fdvh zkhuh
pdfur vkrfnv duh nqrzq1
7Qrwh wkdw wkh surri ri qrq lghqwlfdwlrq jlyhq lq Uxvw +4<<7, grhv qrw dsso| khuh vlqfh kh
dvvxphv wkdw % @ 3=
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Lq wklv vhw0xs/ shuihfw h{shfwdwlrqv fdqqrw eh ghulyhg iurp d ohduqlqj surfhvv
edvhg rq revhuydwlrqv +Pdqvnl/ 4<<6,1 Wkh rswlpdo ghflvlrq lv d ghwhuplqlvwlf
ixqfwlrq ri wkh fxuuhqw vwdwh yduldeohv M ’ E%ch01 Rxw ri htxloleulxp hyhqwv
kdyh/ wkhuhiruh/ }hur suredelolw|1 Wudqvlwlrq suredelolwlhv frqglwlrqdo rq rxw ri
htxloleulxp hyhqwv fdqqrw eh revhuyhg/ dqg ixwxuh sd|rv ri ghflvlrqv fdqqrw eh
ohduqhg1 Lq vxfk d vhw0xs/ djhqwv* eholhiv kdyh wr eh h{rjhqrxvo| frruglqdwhg rq
wkh wuxh wudqvlwlrq suredelolwlhv1
Lw lv krzhyhu srvvleoh wr uhfrqfloh shuihfw h{shfwdwlrqv dqg ohduqlqj lq wklv
vhw0xs surylghg zh pdnh wkh iroorzlqj dgglwlrqdo dvvxpswlrq =
Dvvxpswlrq FL +Frqglwlrqdo Lqghshqghqfh Dvvxpswlrq, Udqgrp suhihuhqfh vkrfnv
dw wzr shulrgv 0 dqg h0 duh lqghshqghqw frqglwlrqdo rq E%c _ ’ 1
Frqglwlrq FL hqvxuhv wkdw doo xqrevhuydeoh vwdwh yduldeohv duh lqghshqgdqw1
Wkh hfrqrphwulfldq fdq revhuyh doo vwdwh yduldeohv wkdw glvsod| vrph shuvlvwhqfh1
Lq wkh odvw vhfwlrq ri wklv sdshu/ zh uhod{ dvvxpswlrq FL1 Lwv xvxdo lqwhusuhwdwlrq
lv wkdw lw uxohv rxw xqrevhuyhg khwhurjhqhlw| +Uxvw/ 4<<7,/ dqg g|qdplf vhohfwlrq
eldvhv dv lq Fdphurq dqg Khfnpdq +4<<;,1
Surylghg FL krogv/ wkh wudqvlwlrq pdwul{ ri wkh surfhvv jryhuqlqj E%c 0 lv zulw0
whq dv=
hE m c _ ’ hE%c 0 m %c _
vr wkdw frqglwlrqdo suredelolwlhv fdq eh lqihuuhg e| wkh djhqw iurp revhuylqj rwkhu
vhoiv +Pdqvnl/ 4<<6, dqg ixwxuh sd|rv ri fxuuhqw ghflvlrqv fdq eh frpsxwhg1
Dv d frqvhtxhqfh ri dvvxpswlrqv DV/ FL dqg SH/ Ehoopdq htxdwlrqv uhodwlqj
fxuuhqw ydoxh ixqfwlrqv lq hdfk dowhuqdwlyh dqg ixwxuh ydoxh ixqfwlrqv duh=
E%c 0 ’ E% n 0 n q.E4@ 

E%
c 0 m %c _ ’  +514,
zkhuh q lv wkh glvfrxqw idfwru1 Iurp dvvxpswlrq SH/ wkh djhqw lqwhjudwhv zlwk
uhvshfw wr wkh wuxh glvwulexwlrq ixqfwlrq ri ixwxuh vwdwh yduldeohv %c 0/ frqglwlrqdo
rq _ ’  dqg %1 Iurp +514,/ ydoxh ixqfwlrqv fdq eh ghfrpsrvhg dv=
E%c 0 ’ 
W
 E% n 0
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dqg wkh ghwhuplqlvwlf sduw/ W E% lv wkh vroxwlrq wr=
W E% ’ 
W
 E% n q.E4@ 

EW E%
 n 0 m %c _ ’  +515,
wkdw/ lq wkh iroorzlqj/ zh vkdoo lpsurshuo| fdoo Ehoopdq htxdwlrqv1
5151 Ghqlwlrq ri lghqwlfdwlrq
Zh ghqh dqg suryh uhvxowv lq wkh wzr0shulrg fdvh dowkrxjk wkh dujxphqw fdq
hdvlo| eh h{whqghg wr dq| qlwh qxpehu ri shulrgv1 Wr { lghdv/ / lq wkh iroorzlqj/
zh frqvlghu wkh glvfuhwh dqg qlwh fdvh1
Dvvxpswlrq GV +Glvfuhwh Vxssruw Dvvxpswlrq,
Wkh vxssruw ri uvw0shulrg vwdwh yduldeohv % +uhvs1 vhfrqg0shulrg %, lv f
+uhvs1 f ,1 Wkh mrlqw vxssruw f ’ f ^f  lv glvfuhwh dqg qlwh l1h1=
f ’ i%c c %rfj
Xqghu GV/ wkh lghqwlfdwlrq ri wkh vwuxfwxudo irup erlov grzq wr wkh lghqwlfd0
wlrq ri wkh ydoxhv ri wkh xwlolw| ixqfwlrq dqg wkh wudqvlwlrq suredelolwlhv dw d qlwh
qxpehu ri srlqwv rqo|1 Lw lv/ krzhyhu/ hdv| wr dgdsw wkh surriv ri lghqwlfdwlrq
wkdw iroorz/ wr wkh fdvh/ iru lqvwdqfh/ zkhuh wkh vhw f lv d frpsdfw vhw dqg wkh
ixqfwlrqv wr eh lghqwlhg duh frqwlqxrxvo| glhuhqwldeoh18
Wkh gdwd surylgh xv zlwk wkh iroorzlqj ixqfwlrq=
;E_c _ 5 U2c ;E%c % 5 f f chE_c %c _m% ’ hE_m%hE%m%c _hE_m%
Iluvw/ lw vkrxog eh qrwhg wkdw vwuxfwxudo wudqvlwlrq suredelolwlhv/ hE%m%c _/ frp0
elqhg zlwk dvvxpswlrq SH rq djhqw*v h{shfwdwlrqv/ gluhfwo| shuplwv lghqwlfdwlrq
ri djhqwv* eholhiv derxw wkh Pdunry surfhvv iurp %c _ wr %1 Wr vlpsoli| wkh qr0
wdwlrq/ zh qrz uhpryh wklv vwuxfwxudo remhfw iurp wkh olvw ri sdudphwhuv wr eh
lghqwlhg1 Rwkhu ghhs vwuxfwxudo sdudphwhuv dhfw fkrlfh suredelolwlhv hE_m%c
% 5 f1 Wkhvh sdudphwhuv duh=
8Lw vhhpv/ krzhyhu/ qdwxudo wr frqvlghu wkh glvfuhwh fdvh uvw/ vlqfh ghflvlrqv wdnh wkhlu ydoxhv
lq d glvfuhwh dqg qlwh vhw i4> =>Nj1 Wkxv/ klvwrulhv lqkhuhqwo| kdyh glvfuhwh frpsrqhqwv1 Ixu0
wkhupruh/ GV doorzv xv wr devwudfw iurp wkh lghqwli|lqj srzhu ri frqwlqxlw| dqg glhuhqwldelolw|
uhvwulfwlrqv1
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 Fxuuhqw ehkdylru= wkh fxuuhqw shulrg xwlolw| ixqfwlrqv/ EWE%c c WgE%c
iru doo % 5 f1
 Ixwxuh ehkdylru= vhfrqg shulrg ydoxh ixqfwlrqv/=EWE%c c WgE% iru doo
% 5 f  dqg wkh glvfrxqw udwh q
 H{shfwdwlrqv= wkh vxemhfwlyh eholhi ryhu wkh Pdunry surfhvv ri suhihuhqfh
vkrfnv/ >Eh0 m % zklfk lv htxdo wr C e| dvvxpswlrq SH1
Vhfrqg shulrg ydoxh ixqfwlrqv duh vwuxfwxudo remhfwv khuh ehfdxvh zh irfxv
rq vkruw sdqho lghqwlfdwlrq1 Lq d prgho ri orqjhu wlph vsdq/ wkh| zrxog eh
lqwhusuhwhg dv uhgxfhg irupv ri ixwxuh suhihuhqfhv1 Lq rxu vkruw sdqho frqwh{w/ wkh
vwuxfwxuh ri wkh prgho lv wkhuhiruh ghqhg e| sdudphwhuv=
K ’ iWEfc c WgEfc WEf c c WgEf c Cc qj
zkhuh sEf lv d vkruw0fxw iru isE%(;% 5 fj
D vwuxfwxuh K/ frpelqhg zlwk Ehoopdq htxdwlrqv +515, shuplwv frpsxwdwlrq
ri ydoxh ixqfwlrqv W E%( K iru doo % 5 f dqg  5 U1 Wkh djhqw lv udwlrqdo dqg
fkrrvhv dowhuqdwlyh  li dqg rqo| li  |lhogv wkh pd{lpxp ydoxh1 Ohw RE%( K eh wkh
suredelolw| wkdw wkh djhqw fkrrvhv _ ’  jlyhq wkh vwuxfwxuh K dqg revhuyhg vwdwh
yduldeoh %=
;E%c  5 f  U( RE%( K ’ h

W E%( K n 0 ’ 4@ 

EW E%( K n 0m%c K

+516,
Suhglfwhg ehkdylru RE%( K lv fdoohg wkh uhgxfhg irup ri wkh vwuxfwxudo prgho1 Li wkh
wuxh vwuxfwxuh lv Kf/ uhgxfhg irup fkrlfh suredelolwlhv pxvw htxdo wkrvh revhuyhg =
;E%c _/ hE_m% ~} 
Gdwd
’R_E%( Kf ~} 
Prgho
Wr ghqh lghqwlfdwlrq/ zh vwduw zlwk wkh qrwlrq ri revhuydwlrqdo htxlydohqfh
ehwzhhq wzr vwuxfwxuhv K dqg K li wkh| ohdg wr wkh vdph uhgxfhg irupv1
Ghqlwlrq 5141 +Revhuydwlrqdo htxlydohqfh, Ohw  eh wkh vhw ri vwuxfwxuhv K/ dqg
J+, ghqrwh revhuydwlrqdo htxlydohqfh1 Ohw wzr vwuxfwxuhv EKc K 5 2=
K
J+, Kli dqg rqo| li ;E%c _/ R_E%( K ’ R_E%( K
:
Lq rwkhu zrugv/ wkh prgho grhv qrw pdnh suhglfwlrqv wkdw glhu hqrxjk wr vhohfw
rqh ri wkh wzr vwuxfwxuhv1 Wkh prgho lv wkxv vdlg wr eh lghqwlhg e| wkh gdwd li lw
lv dozd|v srvvleoh wr glvfulplqdwh dprqj wzr vwuxfwxuhv=
Ghqlwlrq 5151 +Lghqwlfdwlrq, Wkh prgho lv lghqwlhg li dqg rqo| li=
;Kc K 5 2/ EK J+, K , EK ’ K
61 Lghqwlfdwlrq Uhvxowv dqg Hvwlpdwlrq
Zh duh qrz lq d srvlwlrq wr vwdwh wkh lghqwlfdwlrq uhvxow1
6141 Lghqwlfdwlrq
Iru dq| % 5 f/ ghqrwh wkh yhfwru ri fkrlfh suredelolwlhv RE% ’ ERE%c c RgE%
dqg wkh yhfwru ri ydoxh ixqfwlrqv WE% ’ EWE%c c 
W
gE%1 Jlyhq C/ htxdwlrq +516,
pdsv WE% lqwr RE%1 Krw} dqg Ploohu +4<<6, vkrz wkdw wkhvh htxdwlrqv fdq eh
lqyhuwhg dv=
;E%c  5 f  U( W E% ’ WgE% n ^ERE%(C +614,
zkhuh ^E duh ixqfwlrqv pdsslqj wkh vlpsoh{ vhw lq Ug rqwr U1 Wkhvh ixqfwlrqv
duh ghulyhg iurp C dqg e| ghqlwlrq/ ^gE ’ f1 Ixuwkhupruh/ ^ ’ E^c c ^g1
Iru jlyhq C dqg WgEf
/ wkhq lw lv dozd|v srvvleoh wr uhfryhu W Ef
c  	 g
iurp fkrlfh suredelolwlhv REf 1 Iurp +614,/ zh jhw=
EWEf
c c Wg3Ef
 ’ )EREf ( WgEf
 +615,
Li 5 ’ E5c c 5g/ zh dovr ghqh ixqfwlrq -= Ug $ U vxfk wkdw=
-E5(C ’ .C4@ 
MU
E5 n 0  0g
Xvlqj wklv ghqlwlrq dqg +614,/ zh uhzulwh Ehoopdq htxdwlrqv +515,=
Ohppd 6141 Ehoopdq htxdwlrqv +515, fdq eh h{suhvvhg iru dq|  5 ic c g  j
dv=
W E% ’ 
W
gE% q E.EWgE% m %c _ ’ .EWgE% m %c _ ’ g +616,
n^ERE%(Cq E.E-E^ERE%(C(C m %c _ ’ .EE-E^ERE%(C(C m %c _ ’ g 
;
Surri1 Vhh dsshqgl{ D1
Wklv ohppd suryhv wkdw Ehoopdq htxdwlrqv fdq eh zulwwhq lq whupv ri +4,
xwlolw| ixqfwlrqv EWEfc c 
W




 dqg +6, wkh fkrlfh suredelolwlhv RE f ’ ERE fc c RgE f/
wkdw duh revhuyhg iurp wkh gdwd1 Wkh odvw Ehoopdq htxdwlrq lq +515, ghqhv gEf
dv d ixqfwlrq ri K +vhh dsshqgl{ D, dqg lv wkhuhiruh qrw lqirupdwlyh dv g lv qrw d
vwuxfwxudo sdudphwhu1 Ohppd 614 wkhuhiruh surylghv d pdsslqj ehwzhhq wkh gdwd
dqg wkh xwlolw| ixqfwlrqv lq wkh uvw g dowhuqdwlyhv dw d jlyhq ydoxh ri wkh rwkhu
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zkhuh Z +’ hEf  m fc U, duh wkh vwuxfwxudo wudqvlwlrq suredelolwlhv ghqhg lq
wkh suhylrxv vhfwlrq dqg ryhu zklfk wkh h{shfwdwlrq rshudwru lq +616, lv wdnhq1
Lghqwlfdwlrq fdq qrz eh fkdudfwhul}hg=
Sursrvlwlrq 6151 Ohw  ’ iSmS ’ EqcCc WgEfc WgEf j eh wkh vhw ri srvvleoh
glvfrxqw idfwruv/ udqgrp suhihuhqfh vkrfnv g1i1 dqg suhihuhqfhv lq wkh uhihuhqfh
dowhuqdwlyh1
41 Il{ S 5  Wkhuh h{lvwv rqo| rqh yhfwru EWEfc c Wg3Ef frpsdwleoh
zlwk wkh gdwd hRE f1
51 G|qdplf glvfuhwh fkrlfh prghov duh qrw lghqwlhg1 Iru wzr glhuhqw hohphqwv
ri / lw lv dozd|v srvvleoh wr qg rwkhu vwuxfwxudo sdudphwhuv dqg/ lq sduwlfxodu/
xwlolw| ixqfwlrqv/ wkdw duh frpsdwleoh zlwk wkh gdwd=
;Sc S 5   / iE( Sc )E( Sc Sj / iE( Sc )E( Sc Sj
zkhuh  dqg ) duh ghqhg lq +615, dqg +617,1
Surri1 Vhh dsshqgl{ E1
Wklv sursrvlwlrq vkrzv wkdw xwlolw| ixqfwlrqv duh idu iurp lghqwlhg1 Wkh gh0
juhh ri xqghulghqwlfdwlrq lv odujh vlqfh lw frqvlvwv lq q/ C dqg suhihuhqfhv lq wkh
uhihuhqfh dowhuqdwlyh EWgEfc 
W
gEf
1 Lw zrxog eh hyhq odujhu li C ru q zhuh wr
ghshqg rq %1
<
Dq lpsolfdwlrq ri sursrvlwlrq 615 lv zhoo nqrzq lq wkh olwhudwxuh1 Pdqvnl +4<<6/
s45<, suryhv wkdw wkh glvfrxqw udwh lv qrw lghqwlhg ehfdxvh dq| GGS prgho +l1h1
q 9’ f, lv revhuydwlrqdoo| htxlydohqw wr d vwdwlf prgho +l1h1 q ’ f,1 Wr vrph h{whqw/
whuplqdo frqglwlrqv pdwwhu wrr/ vlqfh ixwxuh suhihuhqfhv WgEf
 lq wkh uhihuhqfh
dowhuqdwlyh duh qhfhvvdu| wr lghqwli| fxuuhqw suhihuhqfhv1 Ehorz zh glvfxvv pruh
h{whqvlyho| wkh lghqwli|lqj srzhu ri whuplqdo gdwh uhvwulfwlrqv1
\hw/ wkh duelwudulqhvv ri ixwxuh suhihuhqfhv lq wkh uhihuhqfh dowhuqdwlyh lv  ohvv 
lpsruwdqw wkdq wkh duelwudulqhvv ri q dqg C Dvvxph qrz wkdw WgEf
 lv xqnqrzq1
Dq lqwhuhvwlqj vwuxfwxudo remhfw fdq vwloo eh lghqwlhg1 Uhduudqjlqj htxdwlrqv iurp
ohppd 614/ zh vhh wkdw ; 5 ic c g  j=
^ERE%(C q E.E-E^ERE%(C(C m %c _ ’ .EE-E^ERE%(C(C m %c _ ’ g
’ dW E% n q.E
W
gE%
 m %c _ ’ o dWgE% n q.EWgE% m %c _ ’ go +618,
 LE%
Jlyhq q dqgC/ wkh OKV fdq eh lghqwlhg1 Wkh UKV/ LE%/ phdvxuhv wkh glhuhqfh
ehwzhhq wkh h{shfwhg ydoxhv ri wzr vhtxhqfhv ri fkrlfhv= uvw/ fkrrvh  qrz/ g
wrpruurz/ dqg ehkdyh rswlpdoo| diwhuzdugv> vhfrqg/ fkrrvh g qrz dqg wrpruurz
dqg ehkdyh rswlpdoo| diwhuzdugv1 Lq wkh iroorzlqj/ zh fdoo LE wkh fxuuhqw ydoxh
ixqfwlrq ri 1 Lw lv lghqwlhg hyhq li ixwxuh suhihuhqfhv duh qrw uhvwulfwhg1
Fruroodu| 6161 Il{ q dqg C1 Wkhq/ ; 5 ic c g  j/ LEf fdq eh xqltxho|
uhfryhuhg iurp wkh gdwd1
Wklv fruroodu| fodulhv wkh glhuhqfh ehwzhhq uhvxowv wkdw fdq eh rewdlqhg lq wkh
vwdwlf fdvh +q ’ f, dqg lq wkh g|qdplf fdvh +q 9’ f,1 Lq wkh vwdwlf prgho/ htxdwlrq
+618, phdqv wkdw wkh glhuhqfh ehwzhhq wkh ohyhov ri xwlolw| ixqfwlrqv/ W EWgEc
lv htxdo wr LE Lw lv wkhuhiruh lghqwlhg1 Lq wkh g|qdplf fdvh krzhyhu/ glhuhqfhv
ehwzhhq ohyhov fhdvh wr eh lghqwlhg xqohvv wkh frqwlqxdwlrq ydoxh ixqfwlrq gEf 
ri wkh uhihuhqfh dowhuqdwlyh lv jlyhq1
Lq wkh qh{w vhfwlrq/ zh h{dplqh rwkhu lghqwli|lqj uhvwulfwlrqv diwhu xvlqj ohppd
614 wr lqihu dq hvwlpdwlrq vwudwhj| ri wkh fxuuhqw ydoxh ixqfwlrq LE1
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6151 Hvwlpdwlrq vwudwhj|
Wkh frqvwuxfwlrq ri rxu lghqwlfdwlrq surri vxjjhvwv d phwkrg0ri0prphqw hvwlpd0
wlrq vwudwhj| lq wzr vwhsv1 Ehoopdq htxdwlrqv iurp ohppd 614 duh dqdorjrxv wr
Hxohu htxdwlrqv lq wkh frqwlqxrxv fkrlfh fdvh1 Dv lq Krw} dqg Ploohu +4<<6,/ wkh
uvw vwhs frqvlvwv lq hvwlpdwlqj fkrlfh suredelolwlhv RE f1 Ghqrwh 	R?E f vxfk dq
hvwlpdwh/ zklfk xqghu dvvxpswlrq GV/ lv wkh vkduhv ri fkrvhq dowhuqdwlyhv lq wkh
vxevdpsohv % ’ %r1
Wkh vhfrqg vwhs glhuv1 Krw} dqg Ploohu +4<<6, dqg Krw} hw do1 +4<<7, h{suhvv
h{shfwhg frqwlqxdwlrq ydoxhv dv ixqfwlrqv ri doo ixwxuh xwlolwlhv zklfk duh sdudphw0
ulf ixqfwlrqv1 Krw} dqg Ploohu +4<<6, vkrz wkdw/ li d vwdwh lv devruelqj/ h{shfwhg
frqwlqxdwlrq ydoxhv duh ixqfwlrqv ri erwk qh{w0shulrg xwlolwlhv dqg fkrlfh sured0
elolwlhv1 Lq ohppd 614/ zh suryhg wkdw h{shfwhg frqwlqxdwlrq ydoxhv duh ixqfwlrqv
ri fkrlfh suredelolwlhv rqo|1 Zh xvh wkh uhvxowlqj htxdwlrqv dv wkh rqo| prphqw
frqglwlrqv ri wkh sureohp1
Vxssrvh uvw wkdw RE f lv nqrzq1 Jlyhq duelwudu| ydoxhv iru q dqg C/ iru hyhu|
revhuydwlrq vxfk wkdw _ ’ / zh fdq frpsxwh =
t ’ ^ERE% q-E^ERE%
Uhpdun wkdw +618, lpsolhv wkdw=
LE% ’ .Et m %c _ ’ .Etg m %c _ ’ g
Zh fdq wkhuhiruh hvwlpdwh LEf xvlqj vxevdpsohv ri lqglylgxdov kdylqj fkrvhq
_ ’ c cg vlqfh=
t ’ .Et m %c _ ’  n #
zkhuh .E# m %c _ ’  ’ f Wklv fruuhvsrqgv wr wkh Hxohu htxdwlrq exw lq d glvfuhwh
fdvh1 Pruhryhu/ vxevdpsohv duh lqghshqghqw dqg wkh hvwlpdwlrq ri .Et m %c _ ’ 
dqg .Etg m %c _ ’ g duh lqghshqghqw1
Lq idfw/ yduldeohv t fdqqrw eh frpsxwhg iurp wkh gdwd vlqfh RE f lv xqnqrzq1
Zkdw fdq eh frpsxwhg iurp wkh gdwd lv wkh txdqwlw|=
	t? ’ ^E	R?E% q-E^E	R?E%
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Wkh hpslulfdo prgho fdq wkhuhiruh eh uhzulwwhq dv=
	t? ’ .Et m %c _ ’  n # n 	?
zkhuh 	? ’ 	t?  t? lv wkh vdpsolqj huuru ri wkh uvw vwhs1 Uhvxowv frqfhuqlqj
wzr0vwhs hvwlpdwhv vkrxog wkhuhiruh eh xvhg +Qhzh| dqg PfIdgghq/ 4<<7,1 Wkh
glhuhqw htxdwlrqv duh qrw lqghshqghqw dq| orqjhu vlqfh wkh suhvhqfh ri 	R?E% lq
doo htxdwlrqv lqgxfhv furvv0htxdwlrq fruuhodwlrqv1
71 Lghqwli|lqj Srzhu ri Ydulrxv Uhvwulfwlrqv
Lq wklv vhfwlrq/ zh hydoxdwh wkh lghqwli|lqj srzhu dqg whvwdelolw| ri uhvwulfwlrqv wkdw
duh xvhg lq wkh olwhudwxuh rq g|qdplf glvfuhwh ghflvlrq surfhvvhv1 Zh vwduw zlwk
vkrzlqj wkdw vrph xvxdo dvvxpswlrqv olnh wkh suhvhqfh ri devruelqj vwdwhv ru whu0
plqdo gdwhv/ gr qrw kdyh dgglwlrqdo lghqwli|lqj srzhu1 Zh frqwlqxh e| h{dplqlqj
wkh lghqwli|lqj srzhu jlyhq e| h{foxvlrq uhvwulfwlrqv ru sdudphwulf uhvwulfwlrqv1
7141 Devruelqj vwdwhv dqg whuplqdo gdwhv
Lw lv riwhq dvvxphg wkdw rqh vwdwh lv devruelqj +h1j1 Krw} dqg Ploohu/ 4<<6,1 Ohw
g +wkh uhihuhqfh dowhuqdwlyh, eh wkh devruelqj vwdwh1 Wkh ixwxuh fkrlfh vhw lv
uhvwulfwhg wr igj zkhq dowhuqdwlyh g lv fkrvhq lq wkh fxuuhqw shulrg1 Wkh gwk






 m %c _ ’ g
zklfk lpsolhv wkdw .E-E^ERE%(C(C m %c _ ’ g ’ f1 Wklv uhvwulfwlrq lv qrw
lqirupdwlyh derxw wkh vwuxfwxuh K1 Lw lv lqghhg whvwdeoh iurp wkh gdwd1
Lw lv riwhq dvvxphg lq wkh olwhudwxuh rq pd{lpxp olnholkrrg hvwlpdwlrq ri g|0
qdplf glvfuhwh fkrlfhv wkdw vrph gdwh A lv d whuplqdo gdwh1 Dvvxph wkdw ydoxh
ixqfwlrqv dw A lq vrph dowhuqdwlyhv  duh nqrzq dqg htxdo wr EA W E +Nhdqh dqg
Zroslq/ 4<<9/ Eho}lo dqg Kdqvhq/ 4<<:, Li fkrlfh suredelolwlhv fdq eh uhfryhuhg
iurp wkh gdwd dw gdwh A / wkhvh uhvwulfwlrqv duh whvwdeoh xqohvv wkh| rqo| frqfhuq
wkh ydoxh ixqfwlrq ri wkh uhihuhqfh dowhuqdwlyh EA W E1 \hw/ wklv odvw uhvwulfwlrq rq

EA W
 E zrxog idoo idu vkruw ri iurp vroylqj wkh xqghulghqwlfdwlrq sureohp1 Iurp
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sursrvlwlrq 615/ lq rughu wr lghqwli| xwlolw| ixqfwlrqv/ dvvxpswlrqv rq suhihuhqfhv
lq wkh uhihuhqfh dowhuqdwlyh kdyh wr eh pdgh dw hyhu| shulrg1
7151 H{foxvlrq uhvwulfwlrqv ru sdudphwulf uhvwulfwlrqv
Wr lghqwli| q/ uhvwulfwlrqv fdq eh lpsrvhg e| h{foxglqj rqh yduldeoh iurp fxuuhqw
ydoxh ixqfwlrqv dv zh qrz vkrz1 Dq h{foxvlrq uhvwulfwlrq wdnhv wkh irup ri =
- G <E%c %2 5 f2/ < 5 U vxfk wkdw= % 9’ %2 dqg LE% ’ LE%2
Wkhq=
Sursrvlwlrq 7141 Il{ C1 Dgg wkh h{foxvlrq uhvwulfwlrq - wr wkh vhw ri vwuxfwxudo
uhvwulfwlrqv ri wkh prgho1 Surylghg d udqn frqglwlrq jlyhq lq wkh surri lv vdwlvhg/
LEf dqg q duh mxvw ru ryhu lghqwlhg1
Surri1 Xvh +618, iru Ec % dqg Ec %2 dqg vxewudfw1 Dv LE% ’ LE%2c lw |lhogv
d olqhdu htxdwlrq lq q zkhuh q lv wkh rqo| xqnqrzq1 Wkh frh!flhqw ri q fdq eh
ghwhuplqhg surylghg wkh iroorzlqj frh!flhqw=
d.E-E^ERE% m M ’ %c _ ’  .E-E^ERE% m M ’ %c _ ’ go
d.E-E^ERE% m M ’ %2c _ ’  .E-E^ERE% m M ’ %2c _ ’ go
lv glhuhqw iurp f iru dw ohdvw wzr klvwrulhv % dqg %21 Li wkhuh duh pruh wkdq rqh
h{foxvlrq uhvwulfwlrqv dqg fruuhvsrqglqj udqn frqglwlrqv/ q lv ryhulghqwlhg1
Vwdwlrqdulw| ri fxuuhqw ydoxh ixqfwlrqv lv d sduwlfxodu fdvh ri h{foxvlrq uhvwulf0
wlrqv zkhq wkhuh duh pruh wkdq wzr shulrgv1 Dvvxph wkdw wkhuh duh wkuhh shulrgv
dqg dsso| fruroodu| 616 wr vkrz wkdw LEf dqg LEf  duh lghqwlhg1 Vwdwlrq0
dulw| lpsolhv uhvwulfwlrq -/ vlqfh wkhuh h{lvw %r 5 fc %r 5 f  dqg  vxfk wkdw
LE%r ’ LE%r
Ilqdoo|/ sdudphwulf uhvwulfwlrqv rq xwlolw| ixqfwlrqv duh yhu| riwhq xvhg +Krw}
dqg Ploohu/ 4<<6/ Nhdqh dqg Zroslq/ 4<<9,91 Dv rxu iudphzrun frqvlvwv ri xvlqj
htxdwlrqv +618, dv prphqw frqglwlrqv/ wkhvh uhvwulfwlrqv fdq uhdglo| eh lpsoh0
phqwhg dqg whvwhg :1
9Lq rxu fdvh zkhuh wkh vxssruw lv glvfuhwh/ d sdudphwulf vshflfdwlrq phdqv wkdw wkh xwlolw|
ixqfwlrqv duh ixqfwlrqv ri d qxpehu ri sdudphwhuv zklfk lv vwulfwo| ohvv wkdq wkh qxpehu ri
vxssruw srlqwv ri V wlphv N  41 Wkh| duh wkhuhiruh htxlydohqw wr h{foxvlrq uhvwulfwlrqv1
:Sdudphwulf uhvwulfwlrqv fdqqrw eh xvhg wr lghqwli| g1i1 J ehfdxvh klvwrulhv kdyh glvfuhwh
vxssruw +vhh Pdqvnl/ 4<;;,1
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81 Fruuhodwhg {hg hhfwv
Lq wklv vhfwlrq/ zh frqvlghu wkdw suhihuhqfhv duh dhfwhg e| fruuhodwhg {hg hhfwv1
Wkh uhdghu pljkw qrw eh vxusulvhg wkdw wkh xqghulghqwlfdwlrq uhvxow fduulhv ryhu
wr wklv fdvh1 Zh/ krzhyhu/ suhvhqw lghqwli|lqj uhvwulfwlrqv wkdw duh vx!flhqw wr
lghqwli| vwuxfwxudo sdudphwhuv dqg wkh glvwulexwlrq ri xqrevhuyhg khwhurjhqhlw|1
Iru lqwhuqdo frqvlvwhqf| uhdvrqv/ shuihfw h{shfwdwlrqv +dvvxpswlrq SH, qhhg
wr eh jurxqghg lq revhuydwlrq1 Wkhuhiruh/ djhqwv qhhg wr kdyh eholhiv derxw wkh
glvwulexwlrq ri udqgrp vkrfnv h0 dqg wkh wudqvlwlrq suredelolwlhv frqglwlrqdo rq
wkhlu rzq {hg hhfw +Pdqvnl/ 4<<5,1 Dq h{dpsoh ri vxfk eholhiv lv wkdw wkhvh
suredelolw| glvwulexwlrqv gr qrw ghshqg rq wkh {hg hhfw +dvvxpswlrqv FL dqg
DV,1 Zkhq revhuydwlrq ri wkh w|shv ri wkh rwkhu djhqwv lv qrw srvvleoh/ djhqwv
fdqqrw uhixwh wkhvh odwwhu eholhiv djdlqvw wkh jhqhudo dowhuqdwlyh wkdw vkrfnv 0 duh
fruuhodwhg1 Wkhuhiruh/ xqghu wkh dvvxpswlrq wkdw wkh djhqwv eholhyh lq wkh devhqfh
ri shupdqhqw khwhurjhqhlw|/ DV dqg FL ehfrph xqwhvwdeoh1
Zkhq djhqwv fdq revhuyh wkh {hg hhfwv ri rwkhu djhqwv/ wkh| fdq lqihu sure0
delolw| glvwulexwlrqv frqglwlrqdo rq w|shv1 Wkh| fdq wkhuhiruh uhixwh DV dqg FL1
Lq wklv frqwh{w/ nqrzohgjh ri wkhlu rzq w|shv doorzv djhqwv wr irup pruh dffxudwh
h{shfwdwlrqv dqg jlyhv wkhp dq lqirupdwlrqdo dgydqwdjh ryhu hfrqrphwulfldqv1
8141 Wkh jhqhudo iudphzrun
Wkh w|sh ri wkh djhqw lv ghvfulehg e| d rqh0glphqvlrqdo vwdwh yduldeoh wc frqvwdqw
ryhu wlph1 Lw lv revhuyhg e| doo rwkhu djhqwv exw qrw e| wkh hfrqrphwulfldq1 Dv
wkh vwdwh vsdfh lv prglhg dqg ghvfulehg e|  ’ E%c wch0 Dvvxpswlrqv ri dggl0
wlyh vhsdudelolw|/ frqglwlrqdo lqghshqghqfh dqg shuihfw h{shfwdwlrqv/ duh wkhuhiruh
dphqghg wr pdnh wkhp frqglwlrqdo rq revhuyhg vwdwh yduldeohv % dqg wkh w|sh ri
wkh djhqw1 Lq rwkhu zrugv/ zh uhsodfh % lq DV/ FL dqg SH e| E%c w,1 Lw lv d zruog
zkhuh wkhuh duh dv pdq| Ehoopdq htxdwlrqv dv xqrevhuyhg w|shv dqg htxdwlrq
+515, fdq eh uhzulwwhq dv=
W E%c w ’ 
W
 E%c w n q.E4@ 

EW E%
c w n 0 m _ ’ c %c w +814,
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Wkh gl!fxow| zlwk uhvshfw wr wkh krprjhqrxv fdvh dulvhv iurp wkh suhvhqfh ri
g|qdplf vhohfwlrq ru hqgrjhqhlw| eldvhv +Fdphurq dqg Khfnpdq/ 4<<;/ Wdehu/
5333, ehfdxvh rqh vwdwh0yduldeoh/ w/ uhpdlqv xqrevhuyhg e| wkh hfrqrphwulfldq1
Revhuyhg klvwrulhv dqg udqgrp vkrfnv duh qr orqjhu lqghshqghqw1 Wkh dgglwlylw|
lq w ri W E%c w fdq eh xvhg wr lghqwli| vwuxfwxudo sdudphwhuv li wkh ghflvlrq pdnhu
lv p|rslf dv vkrzq e| Fdphurq dqg Khfnpdq1 Lq wkh jhqhudo fdvh krzhyhu/ wkh
ydoxh ixqfwlrq W E%c wc jlyhq e| htxdwlrq +814,/ lv qrw olqhdu lq w hyhq li 
W
 E%c w lv
olqhdu lq w ehfdxvh ri wkh frqyh{lw| ri wkh pd{0rshudwru1 Fdphurq dqg Khfnpdq*v
surri vkrxog wkhuhiruh eh h{whqghg wr dffrxqw iru qrq p|rslf ehkdylru1
8151 Wkh ghjuhh ri xqghulghqwlfdwlrq
Iru vlpsolflw| wr kljkoljkw wkh pdlq lvvxhv/ zh zloo/ iurp qrz rq/ uhvwulfw wkh




c w duh dvvxphg wr eh htxdo wr }hur dqg vwdwh 2 lv devruelqj1
Lqvwdqwdqhrxv xwlolw| lq dowhuqdwlyh  lv jlyhq e|=
E ’ 
W
E%c w n 0
Pruhryhu/ vxssrvh wkdw w fdq rqo| wdnh; wzr ydoxhv f dqg c dqg wkdw/ dw wkh
lqlwldo gdwh/ wkh glvwulexwlrq oEw m % ’ oEw lv lqghshqghqw ri %1 Zh uvw irfxv rq
wkh fdvh zkhuh wkh khwhurjhqhlw|/ w/ rqo| dhfwv suhihuhqfhv/ dqg qrw wkh wudqvlwlrq
surfhvv ri  ’ E%c 0=
hE% m %c _c w ’ hE% m %c _ dqg CE0mw ’ CE0 +815,
Hyhq xqghu wkhvh vwulqjhqw dvvxpswlrqv/ wkhuh duh g|qdplf vhohfwlrq eldvhv vlqfh
wdvwhv duh fruuhodwhg ryhu wlph1 Wkh vwuxfwxudo htxdwlrqv dw wzr gdwhv f dqg  duh
vxppdul}hg lq wkh iroorzlqj ohppd=
Ohppd 8141 Ohw C eh d glvwulexwlrq ixqfwlrq/ dqg ^ dqg - wkh dvvrfldwhg wzr
pdsslqjv dv ghqhg lq vhfwlrq 6141 Ghqrwh RE%c w dv wkh suredelolw| ri fkrrvlqj
;Lw grhv qrw vhhp wkdw wkh h{whqvlrq wr dq| jlyhq qxpehu ri w|shv fkdqjhv wkh uhvxowv wkdw
iroorz1 Wkh uhvwulfwlrq rq wkh ydoxhv ri  lv ri olplwhg lpsdfw vlqfh wkh orfdwlrq dqg vfdoh ri
xwlolw| ixqfwlrqv duh qrw lghqwlhg ehfdxvh J lv qrw lghqwlhg1
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dowhuqdwlyh  frqglwlrqdo rq w|sh w/ dqg rE% dv wkh xqfrqglwlrqqdo +revhuyhg,
suredelolw|1 Wkhq=;AA?
AA=
w ’ fc  WE%c w ’ ^ERE%c w(C q.E-E^ERE%c w(C(C m _ ’ c %
rE% ’ RE%c oE n RE%c foEf








Surri1 Vhh Dsshqgl{ F1
Wkh uvw olqh frphv iurp wkh Ehoopdq htxdwlrqv/ dv lq ohppd 6141 Wkh gli0
ihuhqfh qrz lv wkdw wkhuh duh wzr vxfk htxdwlrqv iru dowhuqdwlyh / ehfdxvh wkhuh
duh wzr xqrevhuyhg w|shv1 Wkh iroorzlqj olqhv uhodwh wkh fkrlfh suredelolwlhv rE%/
lghqwldeoh dv d srsxodwlrq sdudphwhu/ wr wkh xqnqrzq w|sh ghshqghqw fkrlfh
suredelolwlhv1 Wkhvh Ed|hv htxdwlrqv surylgh dgglwlrqdo vwuxfwxudo uhvwulfwlrqv/
wkdw kdyh wr eh vdwlvhg1 Wkh glhuhqfh lq zhljkwv ehwzhhq shulrgv ri wkh wzr
w|shv lq wkh srsxodwlrq looxvwudwhv wkh suhvhqfh ri g|qdplf vhohfwlrq1
Jlyhq wkhvh prphqw frqglwlrqv/ wkh ghjuhh ri xqghulghqwlfdwlrq lv jlyhq e|=
Sursrvlwlrq 8151 Il{ C dqg q1 Ohw RE%c  dqg RE%c  eh wzr duelwudu| fkrlfh














 RE%c   kf +818,
Frqvlghu dq duelwudu| ydoxh f 	 oE  kf1 Wkhq WE%c w lv mxvw lghqwlhg1
Surri1 Frqvlghu wkh vhfrqg htxdwlrq lq +816,1 Dv oEf ’  oE/ htxdwlrq +817,
dqg f 	 oE  kf/ lpso| wkdw f  RE%c f  1 Frqvlghu wkh wklug htxdwlrq
lq +816,1 Wkhq htxdwlrq +818, dqg f 	 oE  kf lpso| wkdw f  RE%c f  1
Wkhuhiruh wkh vhfrqg dqg wklug htxdwlrqv |lhog d frqvlvwhqw ydoxh iru RE%c f dqg
RE%c f1 Qrz uhsodfh doo wkhvh txdqwlwlhv lq wkh uvw htxdwlrq ri +816, iru w ’ fc 1
Vrphzkdw xqvxusulvlqjo|/ Ehoopdq htxdwlrqv fdqqrw surylgh lghqwli|lqj uhvwulf0
wlrqv iru pruh wkdq rqh w|sh ri djhqw1 Wkh ehkdylrxu ri rqh ri wkh jurxsv fdq
wkhuhiruh eh frqvlghuhg dv doprvw duelwudu| surylghg wkdw frqglwlrqv +817, dqg
+818, duh vdwlvhg1 Wkhvh frqglwlrqv frph iurp wkh dgglwlrqdo vwuxfwxuh lpsrvhg
e| Ed|hv htxdwlrqv lq ohppd 8141
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8161 Lghqwli|lqj uhvwulfwlrqv
Zh qrz lqyhvwljdwh wkh lghqwli|lqj srzhu ri wzr srsxodu uhvwulfwlrqv1 Zh uvw
dvvxph wkh dgglwlylw| ri wkh lqglylgxdo hhfw lq xwlolw|
;E%c w( WE%c w ’ WE% n w
Vhfrqg/ zh lpsrvh d zhdn irup ri whuplqdo frqglwlrq= iurp d fhuwdlq shulrg rq0
zdugv/ xqrevhuyhg w|shv gr qrw dhfw xwlolw| ohyhov1 Iru wkh vdnh ri vlpsolflw|/ ohw xv
frqvlghu wkuhh shulrgv fc  dqg 2 Ohw % ghqrwh revhuyhg +e| wkh hfrqrphwulfldq,
klvwru| dw wlph 51 Wkhq dvvxph wkdw=
;E%c w( WE%c w ’ WE%
Sursrvlwlrq 8161 Jlyhq Cc q/ oE dqg wkh wzr suhylrxv uhvwulfwlrqv +dgglwlylw|
dqg whuplqdo frqglwlrq,/ dqg surylghg vrph udqn frqglwlrqv duh vdwlvhg/ wkh xwlolw|
ixqfwlrq WE lv mxvw lghqwlhg dw shulrgv f dqg 1
Surri1 Vhh Dsshqgl{ G
Wkh vhw ri prphqw frqglwlrqv jlyhq lq ohppd 814 vwloo irupv wkh edvlv ri wklv
uhvxow1 Zh kdyh vhhq lq sursrvlwlrq 815 wkdw iru jlyhq Cc q dqg oE/ xwlolwlhv
duh lghqwlhg surylghg zh { wzr fkrlfh suredelolw| ixqfwlrqv RE%c  dqg RE%c 1
Wkh ghjuhh ri xqghulghqwlfdwlrq wkhuhiruh frqvlvwv lq wzr hohphqwv ri wkh vhw I
ri ixqfwlrqv pdsslqj wkh vwdwh vsdfh lqwr ofc d1 E| uhodwlqj xwlolw| ixqfwlrqv ri
wkh wzr w|shv/ wkh dgglwlylw| uhvwulfwlrq uhgxfhv wklv ghjuhh e| rqh hohphqw ri I 1
H{foxglqj khwhurjhqhlw| dw gdwh 2 |lhogv wkh vdph uhgxfwlrq lq glphqvlrqdolw|1
Wkh wzr sdudphwhuv q dqg oE uhpdlq xqlghqwlhg1 Wkh| fdq qhyhuwkhohvv eh
lghqwlhg e| lpsrvlqj wzr h{foxvlrq uhvwulfwlrqv dv lq vhfwlrq 7151
Ilqdoo|/ wkh uhod{dwlrq ri dvvxpswlrq +815, fdq eh lqyhvwljdwhg1 Xqrevhuyhg
khwhurjhqhlw| frxog dhfw wudqvlwlrq suredelolwlhv hE% m %c _c w dqg qrw suhihu0
hqfhv li zh frqvlghu wkh rssrvlwh fdvh wr wkh rqh mxvw glvfxvvhg1 Lq wklv fdvh/
wkh dqdo|vlv lv vlplodu1 Ehjlq e| h{suhvvlqj wkh prphqw frqglwlrqv dqg frxqwlqj
wkh ghjuhh ri ixqfwlrqdo xqghulghqwlfdwlrq1 Wkhq lpsrvh lghqwli|lqj uhvwulfwlrqv
wr pdwfk wkh ghjuhh ri xqghulghqwlfdwlrq1 Iru lqvwdqfh/ wkh dvvxpswlrq deryh
4:
rq whuplqdo gdwhv frxog eh wudqvodwhg lqwr htxdo wudqvlwlrq suredelolwlhv iru wkh
wzr jurxsv iurp d whuplqdo gdwh rqzdugv1 Wkh dgglwlylw| dvvxpswlrq lv qrw pruh
gl!fxow wr wudqvodwh1 Lw frqvlvwv ri d jlyhq ghwhuplqlvwlf uhodwlrqvkls wkdw h{lvwv
ehwzhhq wkh wudqvlwlrq suredelolw| ixqfwlrqv ri wkh wzr jurxsv1 Wkh lghqwlfdwlrq
uhvxow iroorzv iurp wklv1
91 Frqfoxvlrq
Lw lv zhoo nqrzq wkdw g|qdplf glvfuhwh fkrlfh prghov duh xqghulghqwlhg1 Wkh jrrg
qhzv lv wkdw wkh ghjuhh ri xqghulghqwlfdwlrq fdq eh ghwhuplqhg dqg wkh srzhu
ri srsxodu lghqwli|lqj uhvwulfwlrqv/ erwk zlwk dqg zlwkrxw fruuhodwhg {hg hhfwv/
fdq eh lqyhvwljdwhg1
Wkh ghjuhh ri xqghulghqwlfdwlrq frqvlvwv ri wkh glvfrxqw idfwru/ wkh glvwul0
exwlrq ixqfwlrq ri udqgrp vkrfnv lq suhihuhqfhv/ dqg suhihuhqfhv lq d uhihuhqfh
dowhuqdwlyh1 Zh vkrz wkdw/ xqolnh wkh vwdwlf fdvh/ wkh glhuhqfhv ehwzhhq xwlolw|
ohyhov duh qrw lghqwlhg1 Lq wkh devhqfh ri ixuwkhu lqirupdwlrq rq ydoxh ixqfwlrq
ohyhov/ fxuuhqw ydoxh ixqfwlrqv duh wkh rqo| vwuxfwxudo remhfw wkdw fdq eh lghqwlhg1
Lpsrvlqj d whuplqdo gdwh ru dvvxplqj wkh h{lvwhqfh ri dq devruelqj vwdwh grhv qrw
fduu| lghqwli|lqj srzhu/ zkloh lpsrvlqj h{foxvlrq ru sdudphwulf uhvwulfwlrqv doorzv
xv wr lghqwli| wkh glvfrxqw idfwru1 Wkh ghjuhh ri xqghulghqwlfdwlrq lv hyhq odujhu
lq wkh fdvh zlwk xqrevhuyhg khwhurjhqhlw|1 Krzhyhu/ lq wklv fdvh/ dgglwlylw| ri lq0
glylgxdo hhfwv dqg d zhdn whuplqdo frqglwlrq duh vkrzq wr eh srzhuixo lghqwli|lqj
uhvwulfwlrqv1
Wkh lghqwlfdwlrq vwudwhj| edvhg rq prphqwv qdwxudoo| ohdgv wr wkh frqvwuxf0
wlrq ri phwkrg0ri0prphqw hvwlpdwruv wkdw fdq eh lpsohphqwhg hyhq zlwk fruuh0
odwhg lqglylgxdo hhfwv1 Zh duh qrw dgyrfdwlqj wkh xqfrqglwlrqdo xvh ri phwkrgv ri
prphqwv wr hvwlpdwh wkhvh prghov/ krzhyhu/ prphqw frqglwlrq dqdo|vlv lv vkrzq
wr eh d yhu| srzhuixo wrro wr lqyhvwljdwh lghqwlfdwlrq1 Jlyhq wkdw d prgho lv
lghqwlhg/ rwkhu phwkrgv vxfk dv pd{lpxp olnholkrrg ru lwhudwhg phwkrg ri pr0
phqwv +Djxluuhjdeluld dqg Plud/ 5333, frxog eh xvhg iru hvwlpdwlrq sxusrvhv1 Wkh
frpsdulvrq ri wkh vwdwlvwlfdo surshuwlhv ri pd{lpxp olnholkrrg dqg phwkrg ri pr0
phqwv/ dv zhoo dv wkhlu qxphulfdo dvshfwv zrxog eh d xvhixo h{huflvh +vhh Krw} hw
4;
do1 ^4<<7‘,1 Zlwk lwv glhuhqw vhw ri prphqw frqglwlrqv/ rxu dqdo|vlv frxog khos
wr vkhg qhz oljkw rq wklv lvvxh1 D Prqwh Fduor lqyhvwljdwlrq ri erwk phwkrgv lv
fohduo| qhhghg exw ohiw iru ixuwkhu uhvhdufk1
4<
Dsshqgl{
D1 Surri ri Ohppd 614
Vwduw iurp Ehoopdq htxdwlrqv +515,1 Wkh h{shfwhg ixwxuh ydoxh ixqfwlrq fdq eh
zulwwhq dv=
.E4@ E%
c 0 m _ ’ c % ’ .E.CE4@ E%c 0 m % m _ ’ c %
zkhuh=
.CE4@ E%
c 0 m % ’ .CEgE%c 0 m % n .CE4@ EE%c 0 gE%c 0 m %
’ WgE%
 n .CE4@ EE%
 gE% n 0  0g m %
’ WgE%
 n-E E%(C
e| ghqlwlrq ri -E(C dqg zkhuh h ’ Ec c g3c f/ dqg  ’ W  Wg1 Wklv
qhz h{suhvvlrq ri wkh frqwlqxdwlrq ydoxh lv wkhq soxjjhg edfn lqwr +515,1 Diwhu
vxewudfwlqj WgE% iurp erwk uljkw dqg ohiw kdqg vlghv/ zh jhw/ iru  	 g=
E% ’ 
W
 E% n q.E-E E%
 m %c _ ’  n q.EWgE% m %c _ ’  WgE% +D14,
dqg iru wkh uhihuhqfh dowhuqdwlyh g=
WgE% ’ 
W
gE% n q.E-E E%
 m %c _ ’ g n q.EWgE% m %c _ ’ g +D15,
Zh uhsodfh WgE% lq +D14, e| +D15, dqg zh xvh +614, wr suryh wkh uhvxow1
E1 Surri ri Sursrvlwlrq 615
Wkh surri lv e| frqvwuxfwlrq1 Il{ S 5 1 Dv C lv {hg/ ghulyh ixqfwlrqv ^ dqg
- Dv qc WgEf dqg 
W
gEf
 duh {hg/ Ehoopdq htxdwlrqv +616, ghqh d xqltxh
yhfwru EWEfc c 
W
g3Ef dv d ixqfwlrq ri wkh gdwd Htxdwlrq +615, dovr ghqhv d
xqltxh yhfwru EWEf
c c Wg3Ef
1 Wkhuhiruh/ iru dq| S 5 / K ’ KES lv ghqhg
xqltxho| dv d ixqfwlrq ri S dqg revhuydwlrqdoo| htxlydohqw wr K ’ KES iru dq|
S 5 1
F1 Surri ri Ohppd 814
Wkh rqo| lqirupdwlyh Ehoopdq htxdwlrq frqfhuqv dowhuqdwlyh 41 Xvlqj W2Efc w ’ f
dqg W2Ef
c w ’ f/ ohppd 614 |lhogv=
^ERE%c w(C ’ WE%c w n q.E-E^ERE%
c w(C(C m _ ’ c % +F14,
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zkhuh RE%c w ’ hE_ ’  m %c w1 Zkdw wkh gdwd jlyh xv/ dsduw iurp wkh wudqvlwlrq
surfhvv hE% m %c _ ’  zklfk grhv qrw ghshqg rq w e| dvvxpswlrq +815,/ lv wkh
fkrlfh suredelolw| rE% ’ RE_ ’  m % zklfk lv wkh pl{wxuh=
;% 5 fc rE% ’ RE%c hEw ’  m % n RE%c f hEw ’ f m % +F15,
Ilqdoo|/ dvvxpswlrq +815, lpsolhv wkdw li % lv d vxevhtxhqw klvwru| ri E%c _ ’ =
hEw ’  m % ’ hEw ’ c %
 m %c _ ’ 
hE% m %c _ ’  ’ hEw ’  m %c _ ’ 
vlqfh %Bw m %c _1 Wkhuhiruh=






zklfk lv wkh vrxufh ri g|qdplf vhohfwlrq eldvhv1 Wkh uvw sduw ri wkh ohppd lv
jlyhq e| +F14, dqg +F15,1 Xvh +F16, lq +F15, wr suryh wkh odvw h{suhvvlrq1
G1 Surri ri Sursrvlwlrq 816
Ohppd 814 jlyhv wkh vwuxfwxudo uhvwulfwlrqv1 Dv wkhuh duh wkuhh gdwhv/ wkhuh duh
qrz wzr vhwv ri Ehoopdq htxdwlrqv iru hdfk w|sh=
w ’ fc ( WE% ’ ^ERE%c w w  q.E-E^ERE%c wm%c _ ’  +G14,
w ’ fc ( WE%
 ’ ^ERE%c w w  q.E-E^ERE%c wm%c _ ’  +G15,
zkhuh dgglwlylw| ri lqglylgxdo hhfwv lv xvhg1 Dw wkh odvw shulrg/ khwhurjhqhlw| lv
dvvxphg wr eh h{foxghg iurp suhihuhqfhv +whuplqdo gdwh dvvxpswlrq,1 Lw lpsolhv
wkdw ghflvlrqv pd| ghshqg rq w wkurxjk sdvw ghflvlrqv % exw qrw gluhfwo|=
;E%c w( RE%c w ’ rE% +G16,
Wr holplqdwh WEc wdnh glhuhqfhv lq +G14, dqg +G15, ehwzhhq wkh wzr w|shv zklfk
|lhogv=
^ERE%c  ^ERE%c f ’  n q.E-E^ERE%c -E^ERE%c fm%c _ ’  +G17,
^ERE%c  ^ERE%c f ’  +G18,
zkhuh wkh odvw htxdwlrq lv lpsolhg e| +G16,1
Pl{wxuh htxdwlrqv duh jlyhq e| ohppd 814=
rE% ’ RE%c oE n RE%c foEf +G19,







Wkh srsxodwlrq ixqfwlrqv rE%c rE% duh rewdlqhg iurp wkh gdwd1 Surylghg
oE dqg q duh jlyhq/ wkh irxu xqnqrzqv iRE%c fc RE%c c RE%c fc RE%c j frxog eh
uhfryhuhg iurp +G17,0+G1:, li wklv v|vwhp ri htxdwlrqv lv orfdoo| lqyhuwleoh1 Lqyhuw0
lelolw| lv htxlydohqw wr udqn frqglwlrqv wkdw zh dvvxph wr eh vdwlvhg1 Rqfh wkhvh
xqnqrzqv duh vroyhg iru/ WE fdq eh uhfryhuhg iurp +G14,0+G15,1
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